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Abstract
In this paper, the decomposition of SU(2) gauge potential in terms of Pauli
spinors is studied. Using this decomposition, the spinor strutures of the
Chern-Simons form and the Chern density are obtained. Furthermore, by
these spinor structures, the knot quantum number of non-Abelian gauge the-
ory is discussed, and the second Chern number is characterized by the Hopf
indices and the Brouwer degrees of φ-mapping.
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I. INTRODUCTION
In recent years the decomposition theory of gauge potential is playing a more and more
important role in theoretical physics and mathematics. Since the decomposition theory
reveals the inner structure of gauge potential, it inputs the topological and other information
to the gauge potential (i.e. the connection of principal bundle), and establishes a direct
relationship between differential geometry and topology of gauge field. From this viewpoint
much progress has been made by other authors [1,2] and by us, such as the decomposition
of U(1) gauge potential and the U(1) topological quantum mechanics, the decomposition of
SO(N) spin connection and the structure of GBC topological current, and the decomposition
of SU(N) connection and the effective theory of SU(N) QCD, etc. [3–7].
The Pauli spinor is the fundamental representation of SU(2) gauge field. In Sect.II of
this paper, the spinor decomposition of SU(2) gauge potential is studied. In Sect.III, using
this decomposition, we obtain the spinor structure expression of Chern-Simons form, by
which the knot quantum number of non-Abelian gauge field is studied. In comparison with
the representation of the SU(2) gauge potential, the expression of knot quantum number in
terms of spinor is more direct and precise in non-Abelian SU(2) gauge theory. In Sect.IV,
the spinor structure of SU(2) Chern density is obtained. By making use of the φ-mapping
topological current theory, the Chern density is expressed as δ(~φ). Therefore, the zero points
of φ field are characterized by the Hopf indices (βj) and Brouwer degrees (ηj) of φ-mapping,
and the second Chern number, which is directly related to the Euler characteristic through
the top Chern class on 4-dimensional manifold, is characterized by βj and ηj .
II. THE SPINOR DECOMPOSITION OF SU(2) GAUGE POTENTIAL
It is well known that in SU(2) gauge field theory for spinor representation Ψ, the covari-
ant derivative of Ψ is defined as
DµΨ = ∂µΨ− 1
2i
AaµσaΨ, (1)
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where
A = Aµdx
µ =
1
2i
Aaµσadx
µ (2)
is the SU(2) gauge potential (connection), and Ta =
1
2i
σa (a = 1, 2, 3) are the SU(2)
generators with σa the Pauli matrices. The complex conjugate of DµΨ is
D†µΨ
† = ∂µΨ
† +
1
2i
Ψ†Aaµσa. (3)
The SU(2) gauge field tensor is given by
Fµν = ∂µAν − ∂νAµ − [Aµ,Aν], (4)
where
F =
1
2
Fµνdx
µ ∧ dxν , Fµν = 1
2i
F aµνσa. (5)
To complete the decomposition of SU(2) gauge potential, multiplying Eq.(1) with Ψ†σb
and Eq.(3) with σbΨ respectively and using
σaσb + σbσa = 2δabI, (6)
one can easily find
Aaµ =
i
Ψ†Ψ
(Ψ†σa∂µΨ− ∂µΨ†σaΨ)− i
Ψ†Ψ
(Ψ†σaDµΨ−D†µΨ†σaΨ). (7)
Since any 2× 2 Hermitian matrix X can be expressed in terms of Clifford basis (I, ~σ) :
X =
1
2
Tr(X)I +
1
2
Tr(Xσa)σa, (8)
from Eqs.(2), (7) and (8) we can obtain
Aµ = aµ + bµ, (9)
where
aµ =
1
Ψ†Ψ
(∂µΨΨ
† −Ψ∂µΨ†)− 1
2Ψ†Ψ
Tr(∂µΨΨ
† −Ψ∂µΨ†)I, (10)
bµ = −[ 1
Ψ†Ψ
(DµΨΨ
† −ΨD†µΨ†)−
1
2Ψ†Ψ
Tr(DµΨΨ
† −ΨD†µΨ†)I]. (11)
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It is easy to prove that aµ and bµ satisfies the gauge transformation and the vectorial
transformation respectively:
a
′
µ = SaµS
† + ∂µSS
†, (12)
b
′
µ = SbµS
†, (13)
where S† = S−1 (S ∈ SU(2)), hence Aµ satisfies the required SU(2) gauge transformation
[8,9]
A
′
µ = SAµS
† + ∂µSS
†. (14)
Therefore Eq.(9) with Eqs.(10) and (11) is just the spinor decomposition of SU(2) gauge
potential.
III. THE SPINOR STRUCTURES OF THE CHERN-SIMONS FORM AND THE
KNOT QUANTUM NUMBER
Let M be a compact oriented 4-dimensional manifold, on which there is an open cover
{U, V, W, ...} with transition function Suv satisfying
Suu = 1, S
−1
uv = Svu, SuvSvwSwu = 1. (U ∩ V ∩W 6= ∅) (15)
On the principal bundle P (π, M, SU(2)), the Chern-Simons 3-form is defined as [10,11,8]
Ω =
1
8π2
Tr(A ∧ dA− 2
3
A ∧A ∧A), (16)
i.e.
Ω = − 1
16π2
ǫµνλ[Aaµ∂νA
a
λ −
1
3
ǫabcAaµA
b
νA
c
λ]d
3x. (17)
This leads to the second Chern class [12]
c2(P ) = dΩ, (18)
c2(P ) =
1
8π2
Tr(F ∧ F) = ρ(x)d4x, (19)
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where ρ(x) is the SU(2) Chern density.
In the traditional decomposition theory of gauge potential (including Riemann geometry)
[3,5], always using the parallel field condition
DµΨ = 0, (20)
the solution is then bµ = 0, and A
a
µ can be solved in terms of Ψ
Aaµ = a
a
µ =
i
Ψ†Ψ
(Ψ†σa∂µΨ− ∂µΨ†σaΨ). (21)
In the above text the spinor Ψ is a 2× 1matrix
Ψ =


φ0 + iφ1
φ2 + iφ3

 , (22)
where φa (a = 0, 1, 2, 3) are real functions, φaφa = ‖φ‖2 = Ψ†Ψ. For simplicity, we introduce
a unit vector na (a = 0, 1, 2, 3)
na =
φa
‖φ‖ , n
ana = 1. (23)
Obviously the zero points of φa are just the singular points of na. And a normalized spinor
Ψn is introduced:
Ψn =
1√
Ψ†Ψ
Ψ =


n0 + in1
n2 + in3

 . (24)
In following, without making mistakes, we can still use the signal ”Ψ” instead of ”Ψn” to
denote the normalized spinor. Thus Eq.(21) becomes
Aaµ = i(Ψ
†σa∂µΨ− ∂µΨ†σaΨ). (25)
Then we can use Eqs.(17) and (25) to study the spinor structure of Ω. Noticing that the
Pauli matrix elements satisfy the formulas
σαβa σ
α′β′
a = 2δαβ′δα′β − δαβδα′β′, (26)
ǫabcσ
αβ
a σ
α′β′
b σ
α′′β′′
c = −2i(δαβ′δα′β′′δα′′β − δαβ′′δα′′β′δα′β), (27)
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we arrive at
Ω = − 1
4π2
Ψ†dΨ ∧ dΨ† ∧ dΨ. (28)
This is just the spinor structure of Chern-Simons 3-form of SU(2) gauge field theory.
The above spinor structure of Chern-Simons form can be applied in studying the knot
quantum number of non-Abelian gauge theory. The quantum number of Faddeev-Niemi
knot is given by the integration in 3-dimension [13]
QFN =
1
32π2
∫
ǫijkCiHjkd
3x, (i, j, k = 1, 2, 3) (29)
where Hij is an Abelian gauge field tensor
Hij = −~m · (∂i ~m× ∂j ~m) = ∂iCj − ∂jCi, (~m · ~m = 1) (30)
and ~m is the non-linear σ-model field; in SU(2) gauge field ma = Ψ†σaΨ (a = 1, 2, 3). Here
QFN ∈ π3(S2) (π3(S2) = Z), so it is the Hopf invariant.
It is known that [14]
1
4
ǫijkCiHjk = ǫijkTr(Ai∂jAk − 2
3
AiAjAk), (31)
therefore the Faddeev-Niemi model is related to the non-Abelian SU(2) gauge field theory
Q =
∫
Ω =
1
8π2
∫
ǫijkTr(Ai∂jAk − 2
3
AiAjAk). (32)
and Q ∈ π3(S3) (π3(S3) = Z). Since π3(S3) = π3(S2) [8], Eqs.(29) and (32) give the same
knot quantum number, which is just the vacuum number of the SU(2) gauge potential
[15–17].
In this paper, using the spinor expression of Chern-Simons form (28), from Eq. (32) the
knot quantum number can be directly expressed as
Q =
∫
Ω = − 1
4π2
∫
ǫijkΨ
†∂iΨ∂jΨ
†∂kΨd
3x. (33)
In comparison with Eq.(32), the expression of knot quantum number Q in terms of spinor
is obviously more direct and precise in non-Abelian SU(2) gauge field theory.
6
IV. THE SPINOR STRUCTURE OF CHERN DENSITY AND THE INNER
STRUCTURE OF THE SECOND CHERN NUMBER
From Eqs.(18) and (28) we can obtain the spinor structure of the second Chern class:
c2(P ) = − 1
4π2
dΨ† ∧ dΨ ∧ dΨ† ∧ dΨ, (34)
and the spinor structure of SU(2) Chern density:
ρ(x) = − 1
4π2
ǫµνλρ∂µΨ
†∂νΨ∂λΨ
†∂ρΨ. (35)
In terms of the unit vector na, the Chern density ρ(x) (Eq.(35)) can be expressed as [6]
ρ(x) =
1
12π2
ǫµνλρǫabcd∂µn
a∂νn
b∂λn
c∂ρn
d. (36)
By making use of our φ-mapping topological current theory [3–7,18,19], we can use Eq.(23)
and the Green function relation in φ-space
∂2
∂φa∂φa
(
1
‖φ‖2 ) = −4π
2δ4(~φ) (37)
to reexpress Chern density ρ(x) in a δ-function form [18,19]
ρ(x) = δ4(~φ)D(
φ
x
), (38)
where D(φ/x) is the Jacobi determinant
ǫabcdD(
φ
x
) = ǫµνλρ∂µφ
a∂νφ
b∂λφ
c∂ρφ
d. (39)
The implicit function theory shows that [20], under the regular condition D(φ/x) 6= 0,
the general solutions of
φa(x0, x1, x2, x3) = 0 (a = 0, 1, 2, 3) (40)
can be expressed as N isolated points
xµ = xµj . (µ = 0, 1, 2, 3; j = 1, ..., N) (41)
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In δ-function theory [21], one can prove
δ4(~φ) =
N∑
j=1
βjδ
4(xµ − xµj )
|D(φ/x)|xµ
j
, (42)
where the positive integer βj is the Hopf index of φ-mapping. In topology it means that
when the point xµ covers the neighborhood of the zero point xµj once, the vector field φ
a
covers the corresponding region in φ-space βj times. Introducing the Brouwer degree of
φ-mapping
ηj =
D(φ/x)
|D(φ/x)|xµ
j
= sign[D(φ/x)]xµ
j
= ±1, (43)
Eq.(38) can be expressed as
ρ(x) =
N∑
j=1
βjηjδ
4(xµ − xµj ). (44)
Eq.(44) directly shows that the Chern density does not vanish only at the N 4-dimensional
zero points of φa, i.e. the singular points of na, which are characterized by the Hopf indices
βj and the Brouwer degrees ηj of φ-mapping.
Furthermore, when integrating the second Chern class, one obtains the second Chern
number:
C2 =
∫
c2(P ) =
∫
ρ(x)d4x =
N∑
j=1
βjηj . (45)
Since the base manifold M is 4-dimensional, the second Chern class c2(P ) is just the top
Chern class on P ; on the other hand, there is a direct relation between the top Chern class
and the Euler class [22]
c2(P ) = e(E), (46)
where E is a real vector bundle which is the real counterpart of complex vector bundle P ,
and e(E) is the Euler class on E. Therefore the Euler characteristic, which is just the sum
of indices of zero points of vector field φa on M , is obtained through the Gauss-Bonnet
theorem
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χ(M) =
∫
e(E) =
N∑
j=1
βjηj . (47)
So the indices of zero points of φa field can be composed of the topological numbers βj and
ηj .
At last there are two points which should be stressed. Firstly, besides in this paper, the
spinor decomposition of SU(2) gauge potential can also be applied in studying the U(1)
field tensor in SU(2) gauge field. Secondly, when the self-dual condition [8]
F∗µν = Fµν (F
∗
µν =
1
2
ǫµνλρFλρ) (48)
is satisfied, the corresponding zero points of φa field on R4 are just the instantons, so their
topological numbers can also be studied. These two points will be detailed in our other
papers.
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